Abstract. Two well known results on semigroups, one of them due to Calais, the other to Lajos, are generalized in case of hypersemigroups in the way indicated in the present paper. We prove that a nonempty subset B of a regular hypersemigroup H is a bi-ideal of H if and only if it is represented in the form B = A * C where A is a right ideal and C a left ideal of H. We also show that an hypersemigroup H is regular if and only if the right and the left ideals of H are idempotent, and for every right ideal A and every left ideal B of H, the product A * B is a quasi-ideal of H.
Introduction
Many results on semigroups based on ideals, bi-ideals and quasi-ideals are due to S. Lajos. In his paper in [2] he proved that if S is a regular semigroup, then a nonempty subset B of S is a bi-ideal of S if and only if there exists a right ideal R and a left ideal L of S such that B = RL. J. Calais proved in [1] that a semigroup S is regular if and only if the right and the left ideals of S are idempotent and for every right ideal A and every left ideal B of S, the product AB is a quasi-ideal of S. In the present note we present analogous results for hypersemigroups. We tried to use sets instead of elements in an attempt to show that, exactly as in semigroups, for the results on hypersemigroups based on ideals, points do not play any essential role, but the sets which shows their pointless character.
An hypergroupoid is a nonempty set H with an hyperoperation
on H and an operation on P * (H) (induced by the operation of H) such that
for every A, B ∈ P * (H) (P * (H) denotes the set of nonempty subsets of H).
The operation * " is well dened. Indeed:
for all x, y, z ∈ H. Since {x} * {y} = x • y for every x, y ∈ H, the associativity of H can be also dened by {x} * {y} * {z} = {x} * {y} * {z}
for every x, y, z ∈ H.
A nonempty subset A of an hypergroupoid H is called a left (resp. right) ideal of H if H * A ⊆ A (resp. A * H ⊆ A). This is equivalent to saying that h ∈ H and a ∈ A implies h • a ⊆ A (resp. a • h ⊆ A). A subset of H which is both a left and a right ideal of H is called an ideal of H. For any nonempty subset A of an hypersemigroup H, we denote by R(A), L(A) and I(A) the right ideal, the left ideal and the ideal of H, respectively, generated by A and we have
Main results
By the denition of the hypergroupoid we have the following lemma which, though clear, plays an essential role in the investigation. Lemma 2.1 If H is an hypergroupoid and A, B ∈ P * (H), then
Lemma 2.2 If H is an hypergroupoid then, for any A, B, C, D ∈ P * (H), we have
Proof. Let A ⊆ B and C ⊆ D. If x ∈ A * C, then x ∈ a • c for some a ∈ A, c ∈ C. Then x ∈ a • c, a ∈ B and c ∈ D, thus x ∈ B * D. Property 2 is an immediate consequence of property 1, and the rest is also obvious. 
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From Lemma 2.3, we get the following lemma. Lemma 2.4 If H is an hypersemigroup, then the operation * " on P * (H) is associative, that is (A * B) * C = A * (B * C) for any any A, B, C ∈ P * (H).
According to this lemma, instead of (A * B) * C or A * (B * C), we can write A * B * C, and in an expression of the form A 1 * A 2 * ..... * A n of elements of P * (H), we can put the parentheses in any expression beginning with some A i and ending in some A j (n is a natural number). Definition 2.5 An hypersemigroup H is called regular if, for any A ∈ P * (H), we have A ⊆ A * H * A. Definition 2.6 Let H be an hypersemigroup. A nonempty subset B of H is called a bi-ideal of H if B * H * B ⊆ B. Proposition 2.7 Let H be an hypersemigroup. If C is a right ideal of H and D ∈ P * (H) (or D a left ideal of H and C ∈ P * (H)), then the set B = C * D is a bi-ideal of H.
Proof. Let C be a right ideal of H and D a nonempty subset of H such that B = C * D. First of all, the set B * H * B is a nonempty subset of H (since the operation * is well dened). We also have B * H * B ⊆ B. Indeed, we have 
11 If H is an hypergroupoid, A a right ideal and B a left ideal of H, then A ∩ B ∈ P * (H).
Proof. Take an element a ∈ A and an element b ∈ B (A, B = ∅). Since {a} ⊆ A and {b} ⊆ B, we have {a} * {b} ⊆ A * B. 
On the other hand, A ∩ B = A * B. Indeed, since A ∩ B ∈ P * (H) and H is regular, we have
We also have A * B ⊆ A * H ⊆ A and A * B ⊆ H * B ⊆ B, so A * B ⊆ A ∩ B, then A * B = A ∩ B.
Thus the set A * B is a quasi-ideal of H.
⇐=) Let A be a nonempty subset of H. By hypothesis, we have
H, in a similar way we get A ⊆ H * A. Therefore we obtain A ⊆ (A * H) ∩ (H * A).
Since A * H is a right ideal and H * A is a left ideal of H, by hypothesis, they are idempotent, and we have (A * H) ∩ (H * A) = (A * H) * (A * H) ∩ (H * A) * (H * A) = (A * H * A) * H ∩ H * (A * H * A) .
On the other hand, A * H * A is a quasi-ideal of H. Indeed: Since H is a right ideal of H, by hypothesis it is idempotent that is, H * H = H. Thus we have A * H * A = A * (H * H) * A = (A * H) * (H * A).
Since A * H is a right ideal and H * A a left ideal of H, by hypothesis, (A * H) * (H * A) is a quasi-ideal of H. So A * H * A is a quasi-ideal of H as well, which means that (A * H * A) * H ∩ H * (A * H * A) ⊆ A * H * A.
Then we have A ⊆ A * H * A, and H is regular.
